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ABSTRACT 
This paper discovers a new view to observe distribution 
networks, which is to observe the geometry of distribution 
system security region (DSSR). DSSR is approximately a 
hyper-polyhedron in high-dimensional Euclidean space, 
so it is natural to observe its geometric features. First, 
the concept of DSSR geometry full-dimensional (FD) 
observation is proposed. Second, a FD observation 
method is proposed as: Step 1. Calculate DSSR radius, 
which is the minimum Manhattan distance from the zero 
loading point to a security boundary divided by the 
number of variables in the boundary expression. Step 2. 
Form DSSR shape view and indices to observe the 
roundness of DSSR; then form dent view and indices to 
find dents on DSSR surface. Step 3. Take measures on the 
network to improve its DSSR shape. Finally, cases are 
studied, in which the DSSR is visualized and observed in 
full dimension for the first time. The dents on DSSR 
surface are successfully located, which indicate the 
defects of the case network; and dents disappear after 
improvements are done. The DSSR observation results 
are also validated by power supply capability curves and 
indices. In conclusion, the proposed observation is 
effective, which could help us to better understand the 
operational limit and efficiency of distribution networks. 

INTRODUCTION 
As key links between the transmission networks and the 
customers, distribution networks play a significant role in 
power systems, of which the planning and operation 
directly affect the efficiency and reliability [1]. Therefore, 
it is necessary to understand the law and mechanism of 
distribution networks. 
The most simplest and basic way to understand a 
distribution network is to observe it directly, including its 
topology [2], components [3], power flow [4][5], etc. 
Direct observation can get ‘what the network looks like,’ 
such as voltage levels, wiring mode, component types 
and capacity, and the load. 
Besides the direct observation above, the existing 
researches do calculations and analysis on distribution 
networks, including power supply reliability [6][7], 
network loss [8][9], power supply capability [10][11], etc. 
These methods are also a kind of observation on 
distribution networks, which are done in indirect ways.  
Table I summarizes the existing distribution network 
observations. As shown in Table I, most of the results of 
the distribution network observation are in the form of 
indices, and some of the results are visualized. 

TABLE I EXISTING OBSERVATIONS ON DISTRIBUTION NETWORKS 

Reference Objective Observation methods Type Indices Visualization  
[2] Network topology   direct 
[3] Component    direct 
[4] Load flow   direct 
[5]   direct 

[6, 7] Reliability    indirect 
[8, 9] Power loss   indirect 
[10] Supply capability   indirect 
[11]   indirect 

This paper reveals a new view to observe the distribution 
network indirectly, that is, to observe the geometry of 
distribution system security region (DSSR). This method 
can help people to further understand the distribution 
network from the prospective of security and efficiency. 
DSSR is the maximum operational range in its state space 
for a distribution network satisfying certain security 
criteria [12]; and determining this range is a very basic 
problem for a system. The concept and theory of DSSR is 
proposed in 2012 in China. Different from traditional 
radial system, most distribution systems in big cities of 
China are interconnected and automated. Thus, load can 
be fast transferred among networks and substations. This 
new condition should be considered in future distribution 
system and smart distribution grid (SDG) [12]. DSSR is 
founded based on this background. Firstly, DSSR is 
observed by simulation approach [13]. Then, the 
existence of DSSR is proved by mathematical deduction 
[14]. Finally, the practice in a real distribution network 
proves the existence of DSSR and effectiveness of DSSR 
method [15]. In [15], comparison between the DSSR 
theoretical results and the real results from the 
dispatchers shows that DSSR boundary calculation 
results match the actual situation of the real case. Based 
on DSSR, new security assessment and control methods 
are proposed [12]. Reference [16] proposes new 
reconfiguration models and methods based on DSSR. 
Reference [17] makes an analysis of steady-state security 
region of electricity-gas integrated energy systems (IES) 
and proposes the concept of IES security region. 
In our opinion, DSSR is a full mapping of a distribution 
network considering its security and efficiency, which 
contains rich information to be explored. DSSR is the 
intersection of a finite set of security boundaries and can 
be approximated as a high-dimensional polyhedron of the 
Euclidean space [13]. So it is possible and natural to 
observe its geometric features such as shape and size, 
which may reveal the security characteristics of the 
distribution network. Hence DSSR is a new ideal target 
for indirect observation of a distribution network.  
DSSR has been observed unconsciously in the existing 
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researches to some extent. Due to the very high 
dimension of a real distribution network, the existing 
approach to visualize DSSR is to select an operating 
point first, and then select 2 or 3 variables for 2 or 3-
dimensional projective observation [13]. This 2D/3D 
observation is effective. However, it can only observe 
very limited parts of the entire DSSR. 
At present, observing the geometry of DSSR to reflect the 
characteristics and defects of a grid is a problem that has 
never been specially proposed and studied. This paper 
focuses on this problem for the first time; and proposes 
an indirect visualized observation method for distribution 
networks. A full-dimensional (FD) observation of 
geometric features of DSSR is accomplished for the first 
time.  

BASICS OF DSSR 

Definition of DSSR 
DSSR is defined as the set of all the operating points 
satisfying N-1 security criterion [12]. The operating point, 
denoted by W, is defined as the vector of the apparent 
power of all the non-slack buses. For a system with n 
non-slack buses, 

1 2( , ,..., ,..., )T
i nS S S S=W                            (1) 

where Si is the apparent power of the bus i. And DSSR 
can be expressed [18] as 

DSSR 1{ | ( , ) , ( ) 0}Nf g −= ∈ = ≤Ω W Θ V W Wθ        (2) 
where Θ  is the state space, the set of all possible 
operating points; ( , )f =V Wθ  is the power flow 
equation; 1( ) 0Ng − ≤W  is the security constraints after N-
1 contingency, mainly including the capacity constraints 
of feeder branches and substation transformers.  
In this paper, we use the DC power flow approach [19] to 
simplify the observation process. First, the feeders are 
usually short in length and the network loss ratio is small 
in the urban power grid. Second, the network loss can be 
included in the power flow of the feeder [10]. Third, the 
voltage constraints are neglected because most system is 
capable to regulate the voltage within the limit after N-1. 
In fact, DC power flow is widely used to solve the power 
system problems, such as security assessment [21] and 
power supply capability [10]. And the conclusion in [20] 
shows that the error caused by DC power flow DSSR 
model is acceptable in most urban distribution networks. 

Boundaries of DSSR 
DSSR in state space is the intersection of a finite set of 
security constraint inequalities; each inequality constraint 
corresponds to a specific boundary.The boundaries of the 
DSSR can be calculated by an either analytic [18] or 
numerical approach [13]. The studies show that DSSR 
boundaries can be approximately expressed by several 
hyperplanes in the vector space [18][21], and the 
hyperplane k can be formulated as 

,
=1,...,

1k j j
j n

Sα =∑                                      (3) 

where αk,j is the coefficient of Sj in the hyperplane k. 

OBSERVATION OF DSSR GEOMETRY 

Full-dimensional Observation of DSSR 
DSSR can be approximated as a high-dimensional 
polyhedron [13]. There are some methods to observe 
high-dimensional polyhedra, e.g., parallel projection to a 
2D plane [22], 3D slices placed on a parabola in 3D 
world coordinates [23]. These methods can only reflect 
partial features of a high-dimensional polyhedron, which 
are projective observation methods. 
In order to overcome the limitation of the 2D/3D 
projective observation, the concept of full-dimensional 
(FD) observation is proposed. FD observation of DSSR is 
defined as an observation that can observe the entire 
DSSR. Geometric features, e.g. the degree of roundness 
and the dents on the DSSR surfaces, describing the shape 
of DSSR, can be obtained by FD observation. FD 
observation can also scan the entire DSSR and find out its 
defects thoroughly. This paper proposes a FD observation 
method focusing on DSSR shape, which contains 3 steps. 
Step 1: Calculate the DSSR radii. In preparation for the 
radius calculation, the inactive boundaries of DSSR need 
to be removed. The essence of this process is a 
mathematical problem of removing redundant constraints 
in a set of linear inequality constraints. 
Step 2: Observe DSSR and find dents. DSSR shape view 
and dent view are illustrated respectively by the radii 
radar and line charts, which can directly visualize the 
geometric features of DSSR. And several indices are 
calculated to quantify these features. The dents of DSSR, 
that is, dented boundaries are found in this step. 
Step 3: Analyze the causes of DSSR dents and give the 
improvement measures. Analyze the physical meaning of 
the dented boundary expressions. According to the 
formation mechanism of dented boundaries, their 
possible causes are pointed out and the improvement 
measures are given. 
At last, we verify the correctness and effectiveness of the 
improvement measures by comparison of DSSR 
shape/dent views and indices. Moreover, the boundary 
supply capability (BSC) curve and its related indices [11] 
are also used to verify the DSSR observation results. 

DSSR Radius 
The circumradius and the inradius are two important 
parameters to reflect the size of a high-dimensional 
polyhedron [24]. However, they are not suitable for the 
shape observation, so they are not used in this paper.  
In this paper, we define the distance from the center point 
(zero loading point) of a polyhedron to boundaries as an 
equivalent radius (radius for short) for DSSR. This 
distance in a polyhedron has not been clearly defined; a 
similar description is present in the planar polygon, called 
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radius-like perpendicular [24]. The values and 
distribution of the radii can reflect DSSR shape. One 
DSSR radius corresponds to one security boundary, 
denoted by iR  , as shown in Fig. 1. 

The boundaries of DSSR
 The radii of DSSR
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Fig. 1.  DSSR radii 
In this paper, four kinds of distance definition to 
represent DSSR radii have been studied and compared, 
and the best one is named as the minimum average 
Manhattan distance (MAMD). MAMD is calculated as 

1 2min{ , ,..., ,..., }
si n

v

MD MD MD MD
MAMD

n
=          (4) 

where iMD  is the Manhattan distance from zero loading 
point to the ith sampling point of a boundary; sn  is the 
total number of sampling points; vn  is the number of 
variables in a boundary expression.  
In fact, one operating point cannot really move to another 
operating point in the direction of Euclidean distance. It 
is the state changes that cause the movement of an 
operating point and the Manhattan distance accurately 
reflects this state change.  
For (4), since there are infinite boundary points on a 
boundary, a sampling method is adopted to obtain a finite 
set of boundary points to describe the whole boundary. 
This method generates certain direction vectors from the 
zero loading point and then obtains the sampling 
boundary point corresponding to each direction vector.  
In addition, since there are lots of "paths" of different 
length from one operating point to move to one boundary, 
this paper takes the minimum Manhattan distance to 
indicate the most dangerous direction and security degree 
of this operating point. Moreover, variables number is 
different in different security boundary expressions, 
hence the minimum Manhattan distance needs to be 
divided by the number of variables in the boundary 
expression so as to compare fairly.  
In order to characterize and compare the size of DSSR 
more conveniently, we calculate the root-mean-square 
value of DSSR radii by (5), denoted by R . 

2

1

bn
i

i b

R
R

n=

= ∑                                       (5) 

where bn  is the number of security boundaries. For 
avoiding or reducing the influence of the extreme values 
of DSSR radii, calculate R  after discarding radii data at 
the high and low end, typically discarding an equal 

amount of both. 

DSSR Shape View and Its Index 
Statistical charts are commonly used in data visualization. 
In this paper, a radar chart of DSSR radii is used to show 
DSSR shape. The more the shape is closer to a regular 
polygon, the rounder DSSR is. 
Besides the visualization, a shape distortion index is 
defined to quantify the roundness of DSSR, which is 

1 100%

bn

i
i

b

R R
SDI

n R
=

−
= ×

⋅

∑
           (6) 

SDI represents the deviation of a single radius from the 
average level, use for reference from the index measuring 
the distortion of 211 phosphate tetrahedra in [25]. The 
closer the value is to 0, the rounder the DSSR is. 
DSSR shape and SDI can be used in the evaluation and 
optimization of distribution network. The roundness of 
DSSR is strongly correlated with topology and capacity 
matching of the original grid: the rounder the DSSR is, 
the better the grid topology and capacity matches, and the 
more balanced its security range is. 

DSSR Dent View and Its Indices 
A line chart is usually used to compare the relationship 
between different values and trends. In this paper, a 
DSSR radius line chart is used to show DSSR dents. Two 
indices are also defined to provide quantitative analysis, 
including dent-ratio index and dent-depth index.  
The dents of DSSR are the security boundaries with 
smaller radius. The depth-based dent evaluation method 
is a common method of dent evaluation. For example, in 
engineering practice, the pipeline companies often take 2% 
or 6% of the pipe diameter as the threshold value of dent 
depth [26]. In this paper, a ratio of R is defined as the 
dent threshold, denoted by λ  and expressed as 

(1 ) Rλ δ= − ⋅                                  (7) 
where δ  is the ratio coefficient. We can classify the 
level of dents by changing the value of δ and even using 
more than one δ . We use 2 different levels of δ  to 
divide the dents into ordinary dents and severe dents in 
the case section.  
The calculation of dent-ratio index is expressed as  

100%d

b

n
DRI

n
= ×                               (8) 

where dn  is the number of dented security boundaries.  
The dented security boundary is defined as the security 
boundary whose corresponding radius iR  is smaller than 

the dent threshold λ . So dn  can be calculated as  

{ }| , 1, 2,...,d i i en card R R i nλ= < =                      (9) 
DRI represents the ratio of dented boundaries number to 
the total number of security boundaries. The larger the 
DRI is, the more the dents are, and vice versa. 
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The calculation formula of dent-depth index is  

1 2min( , ,..., )
100%bnR R R R

DDI
R

−
= ×               (10) 

DDI reflects the maximum dent depth. The larger the 
DDI is, the deeper the dent is. 

IEEE RBTS CASES STUDY 

Overview of IEEE RBTS cases 
wo IEEE RBTS cases are used to compare the 
observation results of their DSSR. The original extended 
IEEE RBTS Bus 4 system is regard as the basic case 
(Case1); and we increase the capacity of some 
components to generate another case (Case2) without 
topology change. IEEE RBTS Bus 4 system is shown in 
Fig. 2. See [13] for detailed parameters. 
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Fig. 2.  Extended IEEE RBTS Bus 4 system (Case1 & 2) 

Observation of DSSR Geometry 
DSSR observation and BSC curves of Case1 and Case2 
are compared in Fig. 3. And the DSSR geometry indices 
and BSC indices are shown in Table II. 

   
(a)DSSR shape views (b)DSSR dents views (c)BSC curves 

Fig. 3.  Observation of DSSR geometry and BSC curves of Case1 and Case2. 
TABLE II DSSR GEOMETRY INDICES AND BSC INDICES OF CASE1 AND CASE2 

Case 
DSSR geometry indices BSC indices 

SDI nsd/ ngd/ nb DRIs DRIg DDI R B  *
B  TSC Bmin 

Case1 12.5% 5/6/30 16.7% 20.0% 38.5% 3.25 52.69 62.7% 58.91 45.26 
Case2 6.2% 0/1/30 0 3.3% 19.8% 3.49 58.27 63.3% 66.55 46.00 
i) Shape of DSSR 
The shape of DSSR in Case2 is rounder and larger. 
As shown in Fig. 3 (a), the DSSR shape of Case2 is 
rounder. This result is also confirmed by the comparison 
of SDI. SDI decreases obviously from 12.5% in Case1 to 
6.2% in Case2, as shown in the 2nd column of Table II. 
As shown in the 7th column of Table II, the DSSR radius 
increases from 3.25MVA in Case1 to 3.49MVA in Case2. 
ii) Dents of DSSR 
The dents of DSSR in Case2 are lessened. 
As shown in Fig. 3 (b) and 3rd-6th column in Table II, 
there are 11 dents in Case1, including 5 severe dents, and 
the dent depth is 38.5%. In Case2, the dent number 
decreases from 11 to 1, dent depth decreases from 38.5% 
to 19.8%, and all severe dents disappear. 
iii) Verification with BSC results 
The overall level of supply capability in Case2 is 
promoted. 
As shown in Fig. 3 (c), BSC curve of Case2 rises 
obviously; as shown in the 8th -11th column in Table II, all 
the BSC indices are increased. 
In Case1, the deepest dents are β26, and there is only one 
sampling boundary point with the smallest supply 
capability, which is W2=(5.83, 3.26, 6.91, 0, 3.26, 0.91, 0, 

0, 0, 6.91, 2.18, 6.91, 2.18, 0, 5.83, 0, 0, 0, 0, 1.08)T. 
According to (14), BSC of W2 is 45.26MVA, equal to 
Bmin of Case1. And W2 is on the dented boundaries β26. It 
also proves that Bmin corresponds to the deepest dents of 
DSSR. 

CONCLUSION 
This paper finds a new view to observe distribution grid.  
Main contributions include (1) Full-dimensional 
observation of DSSR is proposed; (2) DSSR equivalent 
radii are proposed and defined; DSSR shape view and 
index are proposed; DSSR dent view and dent indices are 
proposed to locate defects on DSSR. 
The proposed approach is illustrated in extended IEEE 
RBTS-Bus4 system. DSSR shape and dents reflect the 
characteristics and defects of the case grid. By analyzing 
the cause of dents, improvement measures can be 
obtained; and the improvements of the grid are also 
reflected in the results of DSSR observation. The results 
are further validated by power supply capability; and we 
find the deepest dent has the lowest supply capability. 
This research observes the entire DSSR shape for the first 
time, which reveals that DSSR is a mapping of the grid 
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considering security. The proposed observation approach 
could help us to better understand the operational limit 
and efficiency of distribution networks. 
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