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ABSTRACT 

The presented paper shows an analytic way to calculate 

the voltages and currents in dc links of electric power 
trains (EPT). Using general control and signal theory the 

differential equation for the inductor current and dc link 

voltage are given. With Fourier series of the passive 

rectifier output voltage and the inverter input current, the 

equations can be solved analytically. The calculated 

equations are compared to a simulation in 

Matlab/Simulink and an experimental setup of a pump 

power train. In the praxis, the approach can be used in the 

design process of electrical networks (especially in filter 

design and transmission networks). 

INTRODUCTION 

A typical electric power train (EPT) in mid power 

(0.5 kW–22 kW) industrial applications consists of a three 

phase voltage grid serving as the power source, an emc 

filter, a passive bridge rectifier (B2 or B6 technology), a 

(voltage imprinting) dc link, a machine inverter in two 

level three phase topology and an electric machine (e.g. a 

permanent magnet synchronous machine, PMSM). 

Connected to the machine is a load, which defines together 

with the power source, the electric operation point of the 
system. Examples for applications meeting the above-

described EPT are heating-ventilating-air-conditioning 

(HVAC), domestic appliance or pump applications. The 

described EPT is shown in Fig. 1. 

In today’s competitive markets, the engineer’s job is to 

optimize the performance measures (e.g. component costs, 

size, efficiency, reliability) of the electric power trains 

(EPT) more than ever [1]. One subsystem of the EPT, 

which has gained high attention in the past, is the dc link. 

In the literature, the terms ''small dc link'' and ''slim dc link'' 

are used to describe a dc link with only a few microfarads 

[2]-[10]. 
 

On the one hand, the main advantages of a small dc link 

compared to a standard dc link (with electrolyte 

capacitors) are the reduction of costs [2,4,5,8,9,10] and 

size [2,5,8,10], as well as the higher reliability 

[2,4,5,7,8,9,10], due to the use of film capacitors. On the 

other hand, customer requirements (e.g. system dynamics) 

and standards (e.g. IEC61000) have to be held. A literature 

investigation on this topic shows that state-of-the-art 

publications focus on control theory problems to improve 

the dynamic behavior and to stabilize the trajectories in the 
dc link. Passive and active damping techniques have been 

evolved for EPTs with a small dc link to get a better 

dynamic behavior of the machine torque [3, 8]. 

 

Passive damping techniques lead to more passive elements 

in the dc link, which increases the costs and size, impeding 

the advantages of the small dc link. Active damping 

techniques can be summarized into techniques to inject a 

current/voltage signal into the modulation subsystem or 

the usage of a specialized reference current model. In 

nearly all publications, the differential equations or the 

state-space model of the dc link are constructed and the 
general stability of the system is proven. After that, the dc 

link trajectories are simulated numerically, because the dc 

link input (rectifier voltage) and output (machine inverter 

current) cannot be describe mathematically in a simple 

way [5]. Therefore, there are no further analytic 

investigations on the time signal trajectories in the dc link. 

 

In this publication, the dc link trajectories are analyzed 

analytically. First, the well-known state space description 

of the dc link is derived. After that, the input quantities are 

approximated by a Fourier series using a suitable number 
of elements. The approximation could be extended easily, 

if further accuracy would be required. The derived 

approach is proven by simulation and measurement. An 

analysis of the limits and challenges of the shown approach 

is presented. Practical examples using the results to design 

and control EPTs especially with “small dc-links” are 

given. 

MATHEMATICAL MODEL 

A. Assumptions 

The dc link in Fig. 1 contains an inductor Ldc and a 

capacitor Cdc. In [5] it is described that the inductor Ldc is 

necessary to reduce the impact of high-frequency current 
harmonics caused by the machine-side inverter on the grid 

currents. Although there is no regimentation for grid 

current harmonics between 2-150 kHz, grid connected  
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Figure 1: Schematic view of a typical EPT in an industrial speed-drive application 

 

rectifiers have to meet the regimentation up to the 40th 

harmonic (DIN EN61000-3/12). To get a further degree of 

freedom to shape the grid current, the dc link inductor is 

included in the following considerations. Saturation and 

time-varying effects of the components are neglected. 

 

It has to be mentioned that parasitic resistors have to be 

taken into account, because without parasitic elements the 

dc link would be a LC resonator circuit without any 
damping. The eigenvalues of a not damped circuit lie on 

the imaginary axis, which describes an asymptotically 

instable system [11]. The components, which have a 

damping impact on the dc link, are the parasitic series 

resistance of the choke (e.g. copper losses), as well as the 

series and parallel resistance of the capacitor. Due to the 

very low equivalent series resistance (ESR) of film 

capacitors, only the series resistor of the inductor RL,dc is 

modelled. The EMC filter components and the diodes of 

the grid rectifier and the inverter also have a resistive 

damping effect on the dc link, which is neglected in the 
further considerations. 

B. Differential equations & state-space model 

Applying Kirchhoff’s first and second law, the two 

differential equations to describe the dc link are given in 
(1) and (2). Where vrect describes the rectified voltage, vdc 

the voltage above the dc link capacitor Cdc, irect the current 

through the dc link inductor Ldc and iinv the input current 

of the machine inverter as shown in Fig.1. 
∂irect(t)

∂t
=
1

Ldc
(vrect(t) − vdc(t) − RL,dc ∙ irect(t)) (1) 

∂vdc(t)

∂t
=
1

Cdc
(irect(t) − iinv(t)) (2) 

By describing the disturbance quantities rectifier voltage 

vrect and inverter current iinv as input quantities [12] and 

taking (1) and (2) into account, the trajectory equation of 

the state-space representation is given by: 

�̇� = 𝐀 ∙ 𝐱 + 𝐁 ∙ 𝐮 , (3) 

where A is the system matrix (4) and B is the input matrix 

(5). The state vector x and the input vector u are shown in 

(6) and (7). From the point of view of system theory, the 

dc link is a second order multi-input-multi-output (MIMO) 

system with two inputs quantities. 

𝐀 = 

(

 
−
RL,dc
Ldc

−
1

Ldc
1

Cdc
0
)

  (4) 

𝐁 = 

(

 
0

1

Ldc

−
1

Cdc
0
)

  (5) 

𝐱 = (irect(t) vdc(t))
T (6) 

𝐮 = (iinv(t) vrect(t))
T (7) 

With the assumptions made, the system is linear time-
invariant (LTI). The eigenvalues λ are given by (8), where 

(9) describes the damping σe, ωe and ω0, respectively, are 

eigenfrequencies of the system, without (10) and with 
damping (11). 

𝜆1,2 = −
𝑅𝐿,𝑑𝑐

2𝐿𝑑𝑐
±√(−

𝑅𝐿,𝑑𝑐

2𝐿𝑑𝑐
)
2

−
1

𝐿𝑑𝑐 ∙ 𝐶𝑑𝑐
= 𝜎𝑒 ± 𝑗𝜔𝑒 (8) 

𝜎𝑒 = −
𝑅𝐿,𝑑𝑐
2𝐿𝑑𝑐

 (9) 

𝜔0 = 
1

√𝐿𝑑𝑐 ∙ 𝐶𝑑𝑐
 (10) 

𝜔𝑒 = √𝜔02− 𝜎𝑒2 (11) 

Entering A and B into the transition equation (12), where 
Φ is the state transition matrix and t0 is the starting time, 

the dc link can be calculated. 

𝐱(t) = 𝚽(t − t0)𝐱(t0) +∫ 𝚽(t − t0)𝐁𝐮(τ)dτ
t

t0

 (12) 

The state transition matrix for the discussed system is 

given in (13). The derivation is not shown in this paper, a 

good overview on this topic can be found in [13] 

𝚽(t) = 𝑒−𝜎𝑒𝑡 (
Φ11 Φ12
Φ21 Φ22

), (13) 

Φ11 = −
𝜎𝑒

𝜔𝑒
sin(𝜔𝑒𝑡) + cos(𝜔𝑒𝑡) Φ12 = −

sin(𝜔𝑒𝑡)

𝜔𝑒 ∙ 𝐿𝑑𝑐
 

Φ21 =
sin(𝜔𝑒𝑡)

𝜔𝑒 ∙ 𝐶𝑑𝑐
 Φ22 =

𝜎𝑒

𝜔𝑒
sin(𝜔𝑒𝑡) + cos(𝜔𝑒𝑡) 

By setting t0=0 and inserting (4-7) and (13) into (12) the 

dc link trajectories can be given regarding their 

homogeneous xhom and particular xpart solution: 
𝐱(t) = 𝐱𝐡𝐨𝐦(t) + 𝐱𝐩𝐚𝐫𝐭(t) (14) 

The homogeneous solution is specified in (15) and 

describes the system behaviour according to the initial  
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𝐱𝐡𝐨𝐦(t) =  e
−σet

(

 
−
irect,0σe
ωe

sin(ωet) cos(ωet) −
vdc,0
ωeLdc

sin(ωet)

vdc,0σe
ωe

sin(ωet) cos(ωet)+
irect,0
ωeCdc

sin(ωet) )

  (15) 

𝐱𝐩𝐚𝐫𝐭(t) =  ∫ e−σe(t−τ)

(

 
 

i𝑖𝑛𝑣(𝜏)

ωeLdcCdc
sin(ωe(t − 𝜏)) +

v𝑟𝑒𝑐𝑡(𝜏)

Ldc
(−
σe
ωe
sin(ωe(t − 𝜏)) + cos(ωe(t − 𝜏)))

v𝑟𝑒𝑐𝑡(𝜏)

ωeLdc
sin(ωe(t − 𝜏)) +

i𝑖𝑛𝑣(𝜏)

Cdc
(−
σe
ωe
sin(ωe(t − 𝜏)) − cos(ωe(t − 𝜏)))

)

 
 
𝑑𝜏

𝑡

0

 (16) 

 

state vector (index ‘0’) without any input stimulation, 

which is known as the free motion. Similarly, the 

particulate solution is given in (16), which describes the 

system reaction to an input signal, called the forced 

motion. 

C. Description of input quantities 

In (16) the input quantities are unspecified, so that the 

integral cannot be solved. Due to the problems that the 
rectifier output voltage and the inverter input current are 

not continuous linear functions (typical examples of the 

time signals in small dc links are shown in Fig.1), a further 

investigation of both input quantities has to be made. At 

this point often simulations are used to solve the problem 

numerically. This publication shows a possibility to solve 

the equations analytically by describing both input 

quantities as a Fourier series. The rectified voltage vrect can 

be described piecewise in the time domain with: 

vrect(t) = v̂ll ∙ sin(ωnt −
π

3
(k− 1)), (17) 

ωnt ∈ [
𝜋

3
;
𝜋

3
(𝑘 + 1)] , 𝑘 ∈ ℕ ,  

where v̂ll is the amplitude of the grids line-to-line voltage 

and ωn is the angular frequency of the grid. 

As (17) is a periodic function, the Fourier series with the 

coefficients cq and the phase information Ψq is given by: 

vrect,FS(t) = c0 +∑cq sin(6qωn t + ψ𝑞)

∞

v=1

 (18) 

The coefficients cv can be calculated with: 
𝑐𝑞
v̂ll
=

6

𝜋(36𝑞2 − 1)
, 𝑣 > 0 (19) 

The derivation of (19) will not be given in this paper. A 

survey about calculating Fourier series in power 

electronics can be found in [14]. In Table 1 the first 7 

coefficients cq of the used frequencies are shown for a grid 

frequency fn of 50 Hz, ωr,q describes the angular frequency 

of the harmonic q. 

 
Table 1: Fourier series coefficients of the input signal vrect 

q 
𝒄𝒒

�̂�𝒍𝒍
 ωr,q/(2π) 

0 0.9549 0 

1 0.0546 300 

2 0.0133 600 

3 0.0059 900 

4 0.0033 1200 

5 0.0021 1500 

6 0.0015 1800 

The second input signal, which has to be given as a time 

signal, is the inverter input current iinv. The knowledge of 

the switching behaviour of a voltage source inverter (VSI) 

with two level technology is taken for granted and will not 

be explained (c.f. [14]). The inverter input current iinv is 

considered as a rectangular function, so that the Fourier 
series of the inverter input current iinv can be calculated as: 

iinv,FS(t) = ∑ cp sin ((2p− 1)ωr,pt + χ𝑝)
∞
p=1 , (20) 

where ωr,p = 2πfs is the angular switching frequency of the 

inverter, χ𝑝 are the phase information, p are the numbers 

and cp are the magnitudes of the single harmonics. The 

coefficients cp can be calculated with (21). The first five 

coefficients are shown in Table 2 assuming a switching 

frequency fs of 16 kHz. 
𝑐𝑝
îinv

=
4

𝜋(2𝑝 − 1)
, 𝑝 > 0 (21) 

Inserting the Fourier series (18) and (20) into (16), the 

particular solutions can finally be calculated. 

 
Table 2: Fourier series coefficients of the input signal iinv 

p 
𝒄𝒑

�̂�𝒊𝒏𝒗
 ωi,p/(2π) 

1 1.273 16 

2 0.424 48 

3 0.254 80 

4 0.182 112 

5 0.141 144 

VERIFICATION OF THE APPROACH 

For the verification of the concept and the evaluation of 

the theory a 4.5 kW power converter and an industrial 

pump test bench has been used. The dc link parameters of 
the prototype converter are summarized in Table 3. 

 
Table 3: DC-link parameters of the prototype converter on the 
test bench 

Cdc Ldc RL,dc fs Pdc 

440µF 3.5mH 44.1mΩ 16kHz 4.5kW 

To verify the state-space model, a LTI system has been fed 

with the measured rectifier voltage vrect and the inverter 

input current iinv. Fig. 2a shows the measured trajectories 

(red) and the system answers of the LTI system (green). 

The system answers match the measured signals, so the 

LTI model is sufficiently accurate. 
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Figure 2a:Top left -Measured (red) and simulated trajectories (green) from the LTI system 
Figure 2b:Bottom left - Measured input quantities vrect and iinv (red) and Fourier approximations (blue) 

Figure 2c:Top right - Comparison between calculated (blue) trajectories and simulated (green, dotted) trajectories in the dc link, with 
Fourier approximations as input functions for the LTI system 
Figure 2d:Bottom right - Comparison between measurement (red), numerical simulation (green, dotted) and calculation (blue) for both dc 
link trajectories 

In Fig 2b the measured input quantities (red) are shown 

together with the Fourier approximations of both input 

signals (blue). The rectifier voltage vrect and the inverter 

current iinv have been approximated with the first 10 
harmonics. Both approximations match well, they can be 

used as input for the LTI system. 

 

Figure 2c shows the resulting trajectories in the dc link, if 

the LTI system is fed with the presented Fourier 

approximations (green, dotted), and the calculated 

trajectories (blue). The maximum absolute error is 0.001 V 

for the capacitor voltage and 0.02 A for the inductor 

current. This leads to a relative capacitor voltage error 

ev,dc,% of 0.0002 % and a relative inductor current error 

ei,rect,% of 2.2 %. Both trajectories match the calculated 

signals, the analytical solutions are valid. 
 

Finally, the results from the analytical calculation are 

compared to the results based on a state-space model of the 

dc link, and to the measurement. For this, the LTI model 

of the dc link is fed with the measured input signals. The 

results are shown in Fig. 2d. Both calculated trajectories 

match to the measured and simulated trajectories, the 

presented approach is valid. The zoom on the peak values 

shows a difference between the numerical simulation and 

the calculation. This is caused by the noise on the 

measured input signals (c.f. Fig. 2b), which goes into the 
numerical simulation directly. 

DISCUSSION 

The approach has been shown for the DC link of a power 

converter, but it can be applied to any passive electrical 

(and mechanical) system with any input signal waveform. 

Especially filter design or electrical transmission networks 

can be calculated with the approach analytically. The main 

advantage of the proposed analytical calculation of the 
trajectories, compared to the numerical simulation, is that 

it can be used in an iterative design process to get a very 

good solution within short computation time. With the 

analytical solution the component stress (e.g. on the dc link 

capacitor) can be calculated considering the harmonics. 

 

Numerical simulations often suffer from a large 

computation time (mainly caused by the required small 

solver steps), a sensitivity to numerical instability, a lack 

of transparency and an additional expense to implement 

them in parallel. The mentioned aspects of course depend 

of the considered system, but especially passive elements 
in power electronic systems are vulnerable for the named 

problems. The analytical solution requires less 

computation time, is stable for convergence, can be 

subdivided into every single system answers on every 

harmonic stimulation easily and can be implemented in 

parallel without extra effort. The main advantages of the 

analytical approach is that accuracy can be scaled very 

easily by choosing the number of harmonics. This is not 

possible in numerical simulation. 

 

In the presented verification of the approach (c.f. Fig.  2), 
the first 10 harmonics for the inverter current and the 

rectifier voltage have been used in the Fourier 

representation. By using less harmonics, the input signals 

are approximated worse and the error for the calculated 

trajectories will increase, but the computation time can be 
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reduced as shown in Fig. 3. The purple bar represents the 

approximation with 20 harmonics used in the verification. 

By using only 10 harmonics for the calculation, the 

computation time reduces to 60 %. On the other hand, the 
calculation effort doubles, if 40 harmonics are used for the 

calculation. 

 

 
Figure 3: Computation effort and harmonics considered in the 
calculation 

In further work, the trade-off between computational effort 

and computational error has to be investigated. 

CONCLUSION 

In this publication an analytical approach for the 

calculation of the current and voltage trajectories of a 

passive dc link, which is often used in industrial EPTs, has 

been made. The input variables of the dc link are not 

describable mathematical closed, so typically numerical 

approaches, (e.g. simulations) are used to investigate the 
dc link behaviour. The advantage of an analytical approach 

over a numerical solution is that the accuracy and 

computational effort can be scaled with the number of 

harmonics. 

 

The main idea is to use the Fourier series representation of 

both input quantities to calculate the trajectories of the dc 

link. In the Section “Mathematical Model” the trajectories, 

which consist of a homogenous and a particular solution, 

are derived. After that, in “Verification of the approach” 

the correctness of the derived equations has been shown. 
The presented approach can be used in the iterative design 

process of electrical circuits, where it is important to 

calculate many iteration in arguable time. 

 

As discussed, further investigations about how many 

harmonics have to be considered to calculate the 

trajectories accurate and fast enough should be made. In 

addition, other electrical and mechanical systems have to 

be investigated with the shown approach. 
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